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Series expansion for the proportionate mixing case
In this section we provide the details of the series expansion in the quantities
z1, z2 and pi1, pi2 that allow for recovering the approximate results for R∗ of
Eqs. (23) and (24).
For the limit η → 0, the epidemic size of Eq. (22) can be approximated by
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While the extinction probabilities, which are the solutions for Eq. (11), are
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We combine these expressions into Eq. (15) and we keep only the first not-
constant terms, recovering in this way Eq. (23).
For the case η → 1 we recover first the solutions for Eq. (22) in the first
order in (1− η)
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and then the extinction probabilities become
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with these expressions for pi1,2 and together with z1,2 of Eq. (A.3), we find in
this limit Eq. (24). As expected the first term in Eq. (24) is the homogenous
solution Rh∗ , while the second is liner in 1− η.
Series expansion for the assortative mixing case
For the case of assortative mixing scenario the contact matrix and next genera-
tion matrix are more complex and need to be expanded before handling Eq. (5)
and Eq. (11). We first consider the series expansion in  of the basic reproductive
number, which up to second order term reads
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)
. (A.5)
We go up to the second order because it is necessary to find the leading terms for
R∗ in the limit η → 0 and r → 0. However, most of calculations are performed
up to first order in  only. The contact matrix can be written in this limit as
C ' q1× (A.6)
1
α − 
2
(1−α)α2 (1−η)

α (1−α)
(
1+

α
)

α (1−α)
(
1+

α
)
η
1−α −  (α−η (1−α))α (1−α)2 + 
2 (η (1−α)−α)
α2 (1−α)2 (1−η)
 .
While the next generation matrix becomes
R ' R0× (A.7) 1−
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The solution of the epidemic size for the two groups is obtained by consider-
ing first the behaviour of (5) around the epidemic threshold, R0 ≈ 1, and then
expanding the solutions up to first or second order with respect to . In this
way, the solutions can be written as a sum of terms in order zero, one and two
in , z1,2 = z
0
1,2 +  z
1
1,2 + 
2 z21,2. As before and for simplicity, we consider two
limits regarding the contact rate of individuals of the two types: η → 1 and
η → 0. Note, however, that the limit has to satisfy the condition  < η (1− α).
For the case η → 0, by taking into account the matrices of Equations (A.7)
and (A.6), we can solve Eq. (5) obtaining for the epidemic sizes
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R20
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,
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and for the extinction probabilities pi1,2
pi1 ≈ 1
R0
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pi2 ≈ 1−  (R0 − 1)
1− α (1 + η R0). (A.9)
The terms of the type 2 individuals appear in Eq. (15) within the product
(1 − pi2) z2. In zero order in , pi02 = 1 and z02 = 0. Therefore, the only terms
contributing to R∗ in order 2 of the type 2 individuals are the first order terms
pi12 and z
1
2 . For this reason and for clarity, we have shown in Eqs. (A.8) and
(A.9) the first order terms for pi2 and z2 alone. The same cannot be said for
the terms of type 1 individuals and so the expansions in pi1 and z1 are taken up
to second order. Inserting the results of Eqs. (A.8) and (A.9) into Eq. (15), we
find the solution of Eq. (25).
In the limit η → 1, the solutions for the epidemic sizes in single populations
reads
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)
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The analytical result above points out a peculiar feature of the assortative sys-
tem this limit condition: small but non-zero outbreaks are possible even for
R0 = 1. Such outbreaks have size proportional to a combination of  and 1− η
which are vanishing quantities [1]. The extinction probabilities in this case are
pi1 ' 1
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α
)
,
pi2 ' 1
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(
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α
)
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With these expressions for z1,2 and pi1,2, we find Eq. (26). In this case we include
the linear terms leaving out the sub-leading terms of order 2 and  (1− η).
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